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Anumber of experiments have demonstrated that the classical Tollmien–Schlichting transitionalmechanism is no

longer valid inside boundary layers subjected to intense external disturbances. In such a case, perturbations in the

laminar region take the formof three-dimensional streamwise-elongated structures, theKlebanoffmodes, also called

streaks, which may be strongly amplified, resulting in an early bypass transition. This amplification is described by

the transient-growth theory. In the present paper, a semi-empirical model has been developed for the prediction of

this type of bypass transition. It is based on the resolution of two parabolic linear transport equations for the

longitudinal velocity and the temperature fluctuations. A transition criterion is then formed based on the ratio of

streak production and dissipation. Several sets of experimental data were used for validation of the proposal model,

assessing the effects of pressure gradients and of freestream turbulence properties.

Nomenclature

hAi = average
~A = density weighted average, h�Ai=h�i
Ast = constant used to fix the streaks amplitude
a0 = fluctuation
C = constant fixing the bypass-transition threshold
Cf = skin-friction coefficient
cc = complex conjugate
Cp = specific heat constant for constant pressure process
G�y� = dimensionless wall-normal velocity perturbation

inside the boundary layer
H = shape factor
h = enthalpy
hi = total enthalpy
L = streamwise scale
Le = dissipative turbulence length scale
M = Mach number
max8y��� = maximum in the boundary-layer thickness
~P, �0 = pressure
Pr = Prandtl number
ReL = Reynolds number relative to L
Re� = Reynolds number based on the momentum

thickness
~T, �0 = temperature
Tu = freestream turbulent level
t = time
~U, u0 = streamwise velocity
~V, v0 = normal velocity
~W, w0 = spanwise velocity
x = streamwise coordinate
y = wall-normal coordinate
z = spanwise coordinate
� = spanwise wave number
� = intermittency function

� = wall-normal scale, L=
���������
ReL
p

�1 = displacement thickness
�99 = boundary-layer thickness
� = momentum thickness
� = conductivity
� = dynamic viscosity
� = density
! = frequency, 2�f

Subscripts

e = boundary-layer outer-edge value
exp = experimental value
num = numerical value
st = relative to streak
T = value at the transition location
t = relative to turbulence
0 = leading-edge value
1 = freestream value

I. Introduction

A LTHOUGH the flow inside turbomachines is strongly
perturbed, strong accelerations may force relaminarization on

the blades, and the laminar–turbulent transition and its location may
have a significant impact on turbine efficiency. More generally,
laminar–turbulent transition is known to correspond to an increase in
heat transfer and in the drag coefficient. In the case of turbine blades,
transition prediction is a challenging task because of the high
freestream turbulence (FST) resulting from the rotor wake and
because of strong pressure gradients. In such types of flows, it has
been shown usingflowvisualizations [1] and hot-wiremeasurements
[2] that boundary-layer disturbances called Klebanoff modes
become the dominant instabilities. They were named in recognition
of Klebanoff’s experimental contribution [3].

A systematic study of the effect of freestream turbulence was
conducted in 1978 by Arnal and Juillen [4], with turbulence levels
between 0.12 and 1.2%, generated by turbulence grids. Whereas
classical Tollmien–Schlichting (TS) were observed at the lowest
turbulence level, disturbances of a different nature were observed at
Tu� 1:2%. The largest disturbances were then characterized by
frequency modes lower than those of TS instabilities and amplitudes
reaching as much as 10% of the external velocity just upstream of the
transition onset.

In 1985, Kendall [5] observed streamwise-elongated structures
with narrow spanwise scales inside a boundary layer submitted to
external grid turbulence. He denoted these disturbances as Klebanoff
modes andmeasured that their amplitudeswere amplified in

���
x
p

(i.e.,
proportional to the boundary-layer thickness).
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Many other experiments concerning boundary layers subjected to
significant freestream turbulence level have demonstrated that
laminar–turbulent transition may occur at Reynolds numbers lower
than those predicted by the classical linear theory. It was first
proposed to look at the nonlinear terms of Navier–Stokes equations,
but according to Henningson [6], these nonlinear terms just share
energy among eigenmodes. Another processwas to be identified; it is
now agreed that transient growth may result from the interaction of
nonnormal eigenfunctions [7,8]. The first multimode analysis was
performed by Ellingsen and Palm [9]; they established that a vertical
velocity fluctuation in a shear flow can bring about the emergence of
longitudinal velocity fluctuations. This phenomenon was called lift-
up effect by Landahl [10]. A longitudinal vortex superimposed to the
boundary-layer shear pushes up low-speed particles from the wall to
the top of the shear layer and pulls down high-speed particles toward
the wall, leading to a spanwise alternation of backward and forward
streaky structures called Klebanoff modes.

If the energy of the Klebanoff modes raises above a given limit, an
early laminar–turbulent transition can be triggered: this is the so-
called bypass transition, meaning that the usual transition, driven by
the TS waves, does not occur. Therefore, in certain circumstances,
restricting the study of stability to the most amplified mode (TS
wave) is not sufficient.

The growth mechanism of streaks was identified theoretically as a
result of transient amplification of perturbations (see, for instance,
Andersson et al. [11] and Luchini [12]). They employed an optimal
technique based on the resolution of the linear stability equation
system of the boundary layer and its corresponding adjoint formula-
tion. They found that streamwise vortices at the inlet of a spatially
developing boundary layer transformed downstream into streaks of
spanwise alternating high and low streamwise velocity. The ampli-
tude of these resulting disturbances was shown to grow as

���
x
p

, as
measured by Kendall [5] more than 10 years earlier.

Tumin and Reshotko [13] and Zuccher et al. [14] add an equation
for the temperaturefluctuation to study transient growth of compress-
ible boundary layers; the initial optimal perturbations correspond to
longitudinal vortices and lead to the formation of streamwise streaks
in the boundary layer. They pointed out that at low Mach number
(M� 0:5), wall cooling considerably increases the amplification of
the streaks.

One of the most important points concerns the receptivity
mechanism of the boundary layer to high-intensity external distur-
bances: i.e., how these external perturbations lead to the formation of
longitudinal streaks in the laminar part of the boundary layer. Mea-
surements have demonstrated that the boundary-layer response to
freestream turbulence is streaky structures. The key event is the
receptivity process: i.e., the link between perturbations outside and
inside the boundary layer. This process is very difficult to analyze,
because it depends on many parameters, such as intensity, scale,
isotropy, and power spectral density of the freestream turbulence.
From an experimental viewpoint, studying receptivity is very intri-
cate because of the random character of the introduced disturbances,
which are usually generated by a grid.

Jonàš et al. [15] have shown experimentally that the transition
position was influenced by the dissipation length scale of the free-
stream turbulence. This important result is confirmed by the direct
numerical simulations (DNS) of Brandt et al. [16]. A possible
explanation lies in the shear sheltering effect, which describes the
protection of the boundary layer from the high frequencies by the
shear stress; in the external flow, instabilities are convected without
any pressure gradient, but at the border of the boundary layer, pres-
sure perturbation does not vanish and creates a penetration instability
mechanism inside the boundary layer, which results from a local
competition between the external flow and the boundary layer.
Several experimental results [2,17] as well as DNS [18] evidenced
thefiltering of the turbulence spectrum toward low frequencies inside
the boundary layer. Hernon et al. [19] were able to measure the
penetration depth, which describes this ability of a given external
perturbation to penetrate the boundary layer. In the numerical results
of Jacobs and Durbin [18], they found that when moving down-
stream, the penetration depth was decreasing: i.e., as the frequency

increased, the boundary-layer sensitivity to external perturbations
decreased.

The main objective of this paper is to present a new simplified
semi-empirical model describing the dynamics of streaks. Themodel
will be applied to predict transition for boundary layers subjected to
high freestream turbulence.

II. Governing Equations

A. Base Flow Equations

If the FST level is too high, the influence of the streaks on themean
flow cannot be neglected in the laminar zone. Indeed, experiments
have shown that streamwise velocity fluctuations can reach 10% of
the external velocity before transition occurs. A natural approach
consists of applying the boundary-layer turbulent equations to
describe the laminar zone, even though the fully turbulent state has
not been reached yet.

These equations are set in the general case of a compressible
boundary layer using the density weighted average defined by
relation (1). Total quantities are split into a mean part and a pertur-
bation. In addition, correlations between speed and viscosity,
temperature and conductivity fluctuations and triple correlations are
supposed to be negligible:

A� ~A� a0 such as ~A� h�Aih�i ; with A� �U;V;W;T; hi��
�
dUi
dxj

�
� h�i �

�
dUi
dxj

�
;

�
�
dT

dxj

�
� h�i �

�
dT

dxj

�
h�u0iu0ji � h�i � hu0iu0ji; h�u0j�0i � h�i � hu0j�0i (1)

To make the equations dimensionless, typical length and velocity
scales have been introduced. In the laminar region, fluctuations take
the form of spanwise alternated low- and high-velocity streaky
structures; as mentioned before, optimal disturbance numerical
studies [11,12] have shown that these streaks are spatially amplified
proportionally to

���
x
p

. Therefore, a typical scale of geometry, L (for
instance the length of theflat plate or the chord of thewing), is used to
normalize the streamwise coordinate. In the wall-normal direction, a
typical boundary-layer thickness �� L=

���������
ReL
p

is applied to
characterize the diffusion process. The continuity equation, satisfied
by the Klebanoff modes implies that if u0st is on the order ofU0, then
v0st �O�U0=

���������
ReL
p

�. These scales, introduced by Prandtl [20] to
study laminar boundary layers, are summarized in Table 1. In the
turbulent area, contrary to the laminar zone, u0t and v

0
t are of the same

order of magnitude; therefore, streamwise derivatives are smaller
than wall-normal derivatives and can thus be neglected.

These assumptions for a two-dimensional compressible
boundary-layer flow lead to the following system of Reynolds-
averaged Navier–Stokes equations that describes the flow for both
laminar and turbulent states:

@
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In the previous equations, the subscripts st and t, respectively, refer to
streaks and developed turbulence perturbations.
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It is important to distinguish the two mechanisms implicitly
included in these equations:

In the laminar zone, where the intermittency factor � is equal to
zero, the terms multiplied by (1 � �) describes the transient-growth
phenomenon: i.e., the Klebanoff-mode amplification.

The other terms, multiplied by �, traditionally appear when
considering turbulent equations. They numerically interfere when �
stops to be zero, i.e., when the turbulent spots appear, and within
the fully turbulent region when � tends toward one. In this study,
the relationship for the intermittency function has been used by
Arnal [17].

In the transition region, the two previous mechanisms coexist.
In the fully turbulent region, the apparent turbulent stresses hu0v0it

and heat transfer hu0h0it are computed with a classical mixing-length
model proposed by Michel et al. [21], which involves a turbulent
viscosity�t given by relationship (3) and a turbulent conductivity 	t
given by Eq. (4) related to �t by a turbulent Prandtl number defined
as a constant Pt � 0:89:

� �hu0v0it � �t
@U

@y
���F2l2

�
@U

@y

�
2

l=�� 0:085 tanh

�



0:085

y

�

�
; 
� 0:41

F� 1 � exp

�
� l

26
�
�����1=2�

�
; � � @U

@y
� �hu0v0it (3)

where l is the mixing length and F is the viscous-wall correction
function.

The turbulent heat transfer is

� �hv0h0it � 	t �
@T

@y
(4)

The turbulent conductivity is

	t �
�t � Cp
Pt

(5)

B. Klebanoff-Mode Equations

Perturbations equations are obtained employing the same scales
(Table 1) as for the basic flow equations. Introducing the density
weighted average (1) in the boundary-layer equations and keeping
the first-order terms, two additional equations concerning stream-
wise velocity and temperature fluctuations are obtained:
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The perturbations are expressed in Fourier-transformed form, both in
time and in spanwise direction according to the relation (7). The
scalar product (subscript st) between two fluctuations a0 and b0 is
reduced to the product of their amplitude [Eq. (8)]. Moreover, let us
recall that optimal disturbance theory [11–14] has shown that the
most amplified streaks were stationary (i.e., the frequency is zero:
!� 0) and presented a well-defined spanwise wave number ��
0:45 for the incompressible boundary layer. These values (!� 0 and
�� 0:45) will be used for the current modeling:

u0

�0

� �
�
X1
m;n

~u0

~�
0

� �
�x; y� � exp�i�mz� i!nt� (7)
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!

2�

�

2�

Z
t

Z
z

~a0�x; y�ei��z�!t� � cc� ~b0�x; y�ei��z�!t��

� ~a0�x; y� ~b0�x; y� (8)

C. Closure of the System

At this stage, we have to solve three equations, Eqs. (2a–2c) for the
mean flow completed by two additional transport equations, Eq. (6a)
for the streamwise velocity fluctuation, and Eq. (6b) for the temper-
ature fluctuation. The unknowns are the mean quantities ( ~U, ~V, and
~T) and their fluctuating parts (u0, v0, and �0). The density h�i and the
mean temperature ~T are linked by the equation of state (h�i � ~T � ~P).
In the same way, the dynamic viscosity � is obtained using the
Sutherland law, and the conductivity is deduced using a constant
Prandtl number such as Pr� h�i 	 Cp=h�i.

To close the system in the laminar region, thewall-normal velocity
fluctuation has to be modeled. The model is intended to express the
lift-up effect in accordance with the fact that a wall-normal velocity
perturbation in a shear flow brings about emergence and amplifi-
cation of streamwise velocity fluctuations (and temperature fluctua-
tions for compressible flows [13]).

Using the boundary-layer scales of Table 1, all the dimensionless
equations are parabolic. So if the wall-normal velocity is modeled,
the system can be solved by a marching downstream procedure. The
first step consists of solving the equations for the mean flow, taking
into account the terms that describe the influence of the streaks; the
values used to compute the coupling terms correspond to the value of
the upstream station. The transport equations for u0 and �0 are then
solved.More details about the discretization and the resolution of the
equations are described in Appendix A.

D. Bypass-Transition Criterion

The computation of the bypass-transition location is based on a
classical approach that consists of comparing a quantity resulting
from the calculation of the laminar boundary layer to a threshold
value. Biau et al. [22] proposed the following expression:

max
8 y

������� � hu0v0ist�
��

�
@U

@y

������C (9)

From a physical point of view, this relationship expresses the fact that
transition occurs only when the ratio between the driving term of
streak formation (hu0v0ist) and the dissipative term (@U=@y) reaches a
certain value.

III. Wall-Normal Velocity Fluctuation Modeling

A. Normalized Shape of the Wall-Normal Velocity Inside the
Boundary Layer

The key stage now is to model the wall-normal velocity distur-
bances in order to close the previous system formed by Eqs. (2) and
(6). Recent experimental data from Fransson and Westin [23] and
Inasawa et al. [24] and DNS from Jacobs and Durbin [25] exhibit a
monotonic profile for v0; moreover, at the boundary-layer outer edge,
v0 does not match with external freestream turbulence, but reaches
only a fraction of it. A possible explanation for latter characteristic
is that the normal velocity starts to be damped from a distance

Table 1 Scaling parameters in the laminar zone
(Prandtl scales)

Variable Scaling value

~U, u0 U1
~V, v0 � ~W, w0 U1=

���������
ReL
p

� �1
~T, �0 T1
~P, �0 �1U

2
1=ReL
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comparable to external turbulence eddies and is not controlled by the
boundary-layer thickness.

From these considerations, Biau et al. [22,26] proposed the
function G�y� [Eq. (10)] in order to represent the normalized wall-
normal velocity fluctuation. This function ensures the no-slip condi-
tion and the respect of the continuity equation for the perturbation at
the wall location. In addition, the parameter � is chosen in order to
provide the continuity of the function at the edge of the boundary
layer:

G�y� �
(

y2e��y

max
y
�y2e��y� if y 
 �99

1 if y > �99
)

8<
:

~v0�y� 0� � 0�
@ ~v0

@y

�
y�0
� 0 (10)

where

�� 2

�99
such as

�
@ ~v0

@y

�
y��99
� 0

A normalized profile of the wall-normal velocity fluctuation is
plotted and compared to the optimal disturbance theory [27] and the
DNS results in Figure 1a. Note that outside the boundary layer, the
values of v0 do not match. Nonetheless, these different behaviors do
not affect numerical results. As a matter of fact, the numerical simu-
lations are intended to determine the amplification of Klebanoff
modes, which are a direct outcome from the shear; outside the
boundary layer, streaks are no longer generated, because dU=dy� 0.
The corresponding Reynolds stress hu0v0i obtained using the v0

model shows good agreement with the experimental data of Inasawa
et al. [24] (Fig. 1b).

B. Streamwise Evolution of the Wall-Normal Velocity Fluctuation

A crucial point to study consists of the continuous forcing of the
boundary layer by the external structure all along the outer edge of
the boundary layer. To analyze this effect, boundary-layer responses
to freestream turbulence and to isolated disturbance have to be
compared. In 1985, Grek et al. [28], using a moderated-amplitude jet
through a hole, applied an isolated and leading-edge localized
disturbance to the boundary layer. Inside the boundary layer, they
obtained a puff structure characterized by a narrow spanwise scale
and a decaying amplitude. This puff structurewas then identified as a
subsiding high-speed streak surrounded by two low-speed streaks
[29,30]. Alfredsson and Matsubara [31] also found decaying
Klebanoff modes inside a boundary layer subjected to isolated
disturbance, whereas they measured longitudinal amplified streaks
when the boundary layer was subjected to a FST. Alfredsson and
Matsubara concluded that the downstream development of the
streaks depends, to a large extent, on the continuous forcing provided
by the freestream turbulence all along the boundary-layer edge and is
not restricted to the vicinity of the leading edge. In our modeling, the

external forcing of the freestream turbulence on the boundary-layer
streaks is taken into account by assuming that at the edge of the
boundary layer, v0 amplitude is directly proportional to the local
freestream velocity disturbance Ue�x� 	 Tue�x� � u0e;rms�x�. This
assumption leads to the formulation (11) for the normal velocity
fluctuation:

v0�x; y� � Ast 	G�y� 	 �Ue�x� 	 Tue�x�� (11)

In the previousmodel [22], the amplitude of v0 depended on the value
of the FST level at the leading edge Tu0 and was therefore
x-independent. This means that the previous model was not sensitive
to the streamwise development of the freestream turbulence above
the boundary layer. In particular, for the Jonàš et al. [15] experiments,
for which Tu0 � 3% in all cases, the previous model would have
computed the same numerical streak amplification and thus the same
bypass-transition location for whatever configurations. Nonetheless,
the measurements have shown that for the same value of Tu0,
transition location was deeply influenced by the dissipative length
scale of the external turbulence. With the current model, assuming
that v0 is directly proportional to the local freestream turbulence level
Tue, we intend to capture such a mechanism. As a matter of fact, the
FST level decrease all along the boundary-layer edge is defined by
the dissipative length scale.

IV. Results

A. Calibration on Case T3A

The parameters Ast in Eq. (11) and C in Eq. (9) have to be deter-
mined. The calibration has been performed on the T3A case of Roach
and Brierley’s experiments [32]: mean flow quantities and fluctua-
tions have been measured by a hot-wire technique inside a boundary
layer developing on aflat plate subjected to grid turbulence, such as at
the leading edge Tu0 � 3%, with an external constant velocity
Ue � 5:3 m=s. The constantAst has been fixed in such away that the
numerical streak amplitude, given by Eq. (12), matches the measure-
ments (Fig. 2). The streak amplitude is defined as

amp �x� �max
8 y
j ~u0st�x; y�j (12)

Figure 3 clearly shows that streak propagation inside the laminar
zone alters the mean flow quantities. In the presence of Klebanoff
modes, the streamwise velocity increases in the near-wall region but,
in counterpart, decreases in the neighborhood of the boundary-layer
edge. Therefore, streaks induce a momentum-thickness increase
(Fig. 3b), while the displacement thickness remains quasi-constant.
This leads to a decrease of the shape factor (Fig. 3c) even within the
laminar zone, which is a typical distinguishing feature of streaky
flows. The evolutions of the shape factor, of the Reynolds number
momentum thickness, and of the skin-friction coefficient have been
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plotted in Fig. 4 throughout the whole plate: i.e., for the laminar, the
transitional, and the fully turbulent regions. The vertical arrow
represents the experimental transition location in that case: x�
0:38 m. Assuming C� 0:65 gives a numerical transition onset at
xnum � 0:42 m for the T3A case.

B. Influence of the External Flow Properties

The model has then been applied to different experimental data in
order to investigate the influence of the external flow properties on
the amplification of the Klebanoff modes and therefore on the
bypass-transition location.
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1. External Pressure Gradient

The first point studied here is the influence of the external pressure
gradient on the stability of the Klebanoff modes. The model has first
been applied to the T3C3 case, which is characterized by an initial
accelerated flow followed by a deceleration (Fig. 5a). The freestream
turbulence level at the leading edge is the same as in the T3A case:
Tu0 � 3%. Figure 5b clearly shows that a favorable pressure gradient
has a strong stabilizing effect. Thus, at x� 0:4 m, which corre-

sponds to the T3A transition location, the amplitude of the streaks is
only 7%of the external velocity, whereas it reaches 13% for the zero-
pressure-gradient T3A case. In addition, we can see that as soon as
the external flow starts to be decelerated, streak amplitude increases
in a fast way, triggering the transition (as illustrated by the evolution
of the skin-friction coefficient).

The same evolution has been measured at ONERA in a low-speed
wind tunnel. The boundary layer was developing on a flat plate

X [m]
0.5 1

T3A, Tu=3%
T3C3, Tu=3%, dP/dx ≤ 0

a) Evolution of the external velocity
X [m]

A
m

p
/U

e

0.5 1

0.05

0.1

0.15

T3A num
T3C3 num
T3A exp
T3C3 exp

b) Streak Amplitude in the laminar zone

X [m]

C
f

0.5 1
0

0.002

0.004

0.006

0.008

0.01

T3A num
T3C3 num
T3A exp
T3C3 exp

c) Skin friction coefficient Cf

Fig. 5 Influence of the pressure gradient on the bypass-transition location. Comparison between the T3A and T3C3 cases. The arrows represent the
corresponding experimental transition location for each case.

X [m]

A
m

p
/U

e

U
_e

0.05 0.1 0.15 0.2

0.02

0.04

0.06

0.08

0.1

10

12

14

16Amp/Ue (exp)
Amp/Ue (num)
U_e

a) Streak amplitude evolution function of the 
external velocity

u’/Ue [%]

y/
δ 1

-6-4-20
0

2

4

6

x = 0.10 [m] (Num)
x = 0.24 [m] (Num)
x = 0.10 [m] (exp)
x = 0.24 [m] (exp)

b) Streak profiles

X [m]

H

θ 
[m

m
]

0.05 0.1 0.15 0.2
2.2

2.3

2.4

2.5

2.6

2.7

2.8

0.05

0.1

0.15

0.2

0.25H (exp)
H (num)
θ (exp)
θ (num)

c) Shape factor H and thickness momentum θ

Fig. 6 ONERA experiments.

X [m]

T
u

 [
%

]

0.5 1

2

3

4

5 T3A, Tu=3%
T3B, Tu=6%

a) Evolution of the external free stream 
turbulence level Tue

X[m]

C
f

0.5 1
0

0.002

0.004

0.006

0.008

0.01

T3A, Tu=3%
T3B, Tu=6%

b) Skin friction coefficient Cf

Fig. 7 Influence of the freestream turbulence level on the bypass-transition location. Symbols are Roach and Brierley’s [32] measurements, lines are
numerical results, and arrows are experimental transition locations.

2496 VERMEERSCH AND ARNAL



placed into a typical turbine pressure gradient generated by a specific
shape. The experimental results presented here concern hot-wire
investigation of a boundary layer subjected to an external grid
turbulence such that Tu0 � 2:2% at the leading edge. Figure 6a
illustrates the influence of the external velocity on the streaks.
Between x� 0:05 and 0.15 m, where the acceleration is the
strongest, the numerical amplitude of the streaks decreases. Further-
more, it is noticeable that even though our model has been calibrated
on a zero-pressure-gradient case, it provides very good results for
both the amplitude of the streaks and for the corresponding fluctua-
tion profiles (Fig. 6b). There is a restriction for the first measurement
point (x� 0:05 m), where the numerical amplitude is overestimated.
The shape factor and the corresponding momentum thickness have
been reported in Fig. 6c. In these experiments, transition occurs in a
separation bubble starting at x� 0:25 m and thus cannot be
predicted by the boundary-layer approach used in this study.

2. Influence of the Freestream Turbulence

The T3B case is characterized by high-amplitude freestream
disturbances, such as Tu� 6% at the leading edge of the flat plate.
The streamwise evolution of the corresponding freestream turbu-
lence level is plotted in Fig. 7a and compared with our reference case
(T3A). The respective skin-friction coefficients are presented in
Fig. 7b; when Tu increases, the Klebanoff modes developing within
the laminar boundary layer gain more energy, and so bypass
transition occurs earlier. For the T3B case, the laminar region is
localized in the leading-edge region, and transition happens for
x� 0:1 m.

Moreover, Jonàš et al.’s experimental data [15] have highlighted
the fact that Klebanoff-mode propagation depended not only on the
level, but also on the scales, of the freestream turbulence. The
dissipative length scale is defined as in Hancock and Bradshaw [33]
by

Le ���hu02i�3=2e
��

~Ue �
d�hu02i�e

dx

�
(13)

Turbulentflowwith a large length scale has a smaller dissipation rate,
and thus decays less rapidly in the flow direction (see Fig. 8a).
Therefore, for different dissipative length scales, the boundary layer
is not disturbed in the same manner. The upstream conditions in
Jonàš et al.’s experiments [15] are the same as those of theT3Acase: a
freestream turbulence level Tu0 � 3% at the leading edge for a
freestream velocityU0 � 5 m=s. In the present model, the amplitude
of the wall-normal velocity fluctuation is proportional to the local
freestream turbulence level v0 / Tue�x�; the onset of numerical
bypass transition moves upstream for increasing dissipative length
scale in accordance with the measurements. For the two most
important dissipative length scales, the model provides later
numerical transition position than that of the experiment. In addition,

the numerical increase of the skin-friction coefficient in the
transitional region is too abrupt. The numerical slope of the Cf is
driven by the intermittency function [17], which has been calibrated
on experiments with positive or zero-pressure-gradient flows. Under
the present circumstances, no satisfying reasons can explain the
discrepancy, especially since the intermittency function provides
good results for the Roach and Brierley [32] measurements (in
particular, for the T3A case, which has the same FST level at the
leading edge as all the cases of Jonàš et al. [15]). The present model
has not been applied to compressible flows, because we did not find
any experiments in the published literature showing the amplification
of Klebanoff modes induced by FST inside compressible boundary
layers. As a matter of fact, for wind-tunnel experiments, when the
Mach number increases, the noise (i.e., pressure fluctuations)
radiated by the wall of the wind tunnel strongly increases and
overwhelms the velocity fluctuations. Spectral analyses seem to
demonstrate that in this configuration, the transition is driven by the
TSwave amplification; the external pressurefluctuations increase the
initial amplitude of the TS waves, as suggested by Mack [34].

3. Bypass-Position Location

The present simulation has been applied to several cases of Roach
and Brierley [32] experiments in order to compare the numerical
transition location with the measured location. The first two cases
(T3A andT3B) concern zero-pressure-gradient flowswith respective
inlet turbulence levels of Tu0 � 3 and 6%. The five other cases are
characterized by a favorable negative pressure gradient in the first
part of the plate. These cases are intended to roughly simulate flow
over turbomachinery blades. The T3C1 case is highly perturbed with
Tu0 � 6:6%. For the other cases Tu0 � 3%, and the inlet velocity is
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Fig. 8 Influence of the dissipation length scale of the bypass-transition location. Symbols correspond to Jonàš et al.’s [15] measurements.

Table 2 Comparison between experimental data and
numerical results

xT

Case U1, m=s dP=dx Tu0, % Exp. Num.

Roach and Brierley [32]:
T3A 5.4 0 3 0.38 0.42
T3B 9.4 0 6 0.10 0.07
T3C1 5.9 ≠ 0 6.6 0.18 0.10
T3C2 5 ≠ 0 3 0.80 0.7
T3C3 3.7 ≠ 0 3 1.10 1.1
T3C4 1.2 ≠ 0 3 1.25 1.4
T3C5 8.4 ≠ 0 3 0.32 0.22

Jonàš et al. [15]
Le � 2:2 mm 5 0 3 1.6 1.41
Le � 3:8 mm 5 0 3 0.8 1.01
Le � 5:9 mm 5 0 3 0.5 0.62
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gradually reduced to delay the abscissa of transition. Results are
summarized in Table 2.

4. Criterion Sensitivity

The bypass criterion sensitivity has been analyzed by varying the
value of the transition threshold C by 10% around the calibrated
valueC� 0:65. The modified transition location has been computed
for each case and is summarized in Table 3. It is clear that the position
of the transition is sensitive to the threshold value. As amatter of fact,
a difference of 10% in the value of C will induce a 25% variation in
the numerical transition location. The evolution of the quantity
hu0v0i=�
@U=@y� has been plotted in Fig. 9a. The variance on the
numerical transition location becomes more important when the
slope of the criterion decreases. The evolution of the skin-friction
coefficient for the T3A case of the Roach and Brierley experiment
[32] computed with three values of the threshold (C� 0:585, 0.65,
and 0.715) is plotted in Fig. 9b and compared to the experimental
data.

V. Conclusions

A simplified model based on the resolution of two transport
equations and intended to predict the bypass-transition location has
been presented. This model is an improvement of the previous one
proposed by Biau et al. [22]; it has been introduced in a boundary-
layer code, which allows computing the whole bypass-transition
process from the amplification of the Klebanoff modes in the laminar
part to the fully turbulent region. Moreover, the dependency of the
modeled wall-normal velocity fluctuation on local freestream

turbulence level has been introduced in order to take into account the
spatial evolution of the external turbulence above the boundary-layer
edge. The model is not focused on describing all the physical
mechanisms that trigger transition; in particular, the linearity of the
two transport equations does not allow capture of the secondary
inflectional instability that leads to the breakdown into turbulent
spots. Nevertheless, the dynamics of Klebanoff modes within the
laminar zone have been numerically determined and used to estimate
the transition location. The present model gives coherent results for
boundary layers subjected to high external turbulence levels, in
agreement with experimental data. The model has been theoretically
developed for compressible boundary layers, but for the time being, it
has just been tested in the limit of incompressible boundary layers,
for which several experimental data exist. The logical following task
is to extend this study to supersonic flows for which transient growth
still exists. In the same way, the same modeling technique will be
applied to study roughness-induced transition. In particular, transient
growth is a plausible explanation for the blunt-body paradox [35],
which refers to the early transition on forebody at supersonic flows in
a region where TS waves are stabilized. Indeed, Fransson et al. [36]
measured transient growth behind an array of roughness elements.
Future effort will concentrate on the v0 formulation, which may be
different from the formulation representing the effect of freestream
turbulence.

Appendix A: Discretization of the Equations

In this Appendix, we describe the discretization and the resolution
of the longitudinal mean velocity equaiton (A1):

h�i ~U @
~U

@x
� h�i ~V @

~U

@y

� �eUe
dUe
dx
� @

@y

�
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�
� � � @h�ihu

0v0it
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z�����}|�����{��t ��@U=@y�

� �1 � �� �
�
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� @h�ihu
0v0ist

@y

�
(A1)

Introducing the expression of the turbulent viscosity, the previous
equation is reduced to
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Fig. 9 Influence of the criterion threshold on the transition location and the evolution of the skin friction for the T3A case. Symbols correspond toRoach
and Brierley’s [32] measurements, and the arrow indicates the experimental transition location.

Table 3 Criterion sensitivity comparison between measure-
ments and numerical results

Case Exp C� 0:585
(�10%)

C� 0:65
(ref. value)

C� 0:715
(�10%)

Roach and Brierley [32]:
T3A 0.38 0.35 0.42 0.52
T3B 0.10 0.06 0.07 0.08
T3C1 0.18 0.09 0.10 0.11
T3C2 0.80 0.52 0.70 0.89
T3C3 1.10 0.91 1.10 ——

T3C4 1.25 1.40 1.40 1.40
T3C5 0.32 0.19 0.22 0.25

Jonàš et al. [15]:
Le � 2:2 mm 1.6 1.38 1.41 1.44
Le � 3:8 mm 0.8 0.89 1.02 1.14
Le � 5:9 mm 0.5 0.41 0.62 0.80
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The longitudinal mean velocity equation is then discretized
according to the notations of the scheme of Fig. A1. In particular,
the diffusive term is treated on three consecutive points between yj�1
and yj:

h�iRj ~UR
j

~UQ
j � ~UR

j

xQj � xRj
� h�iRj ~VRj

~UQ
j�1 � ~UQ

j�1
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� �ReUR
e

UQ
e � UR

e

xQj � xRj

� ��eff�Rj�1=2
~UQ
j�1 � ~UQ

j

2�j�j�1=2
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~UQ
j � ~UQ

j�1

2�j�j�1=2
� �� � 1�

� ��h�ihu0u0ix�Rj � �h�ihu0v0iy�Rj �
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2
; �j�1=2 � yj�1 � yj
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(A3)

The previous equation can bewrittenwith the followingmatrix form:

aj� ~U�Qj�1 � bj� ~U�
Q
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where ~UJ � ~Ue at the outer edge of the boundary layer and @ ~U=@y
imposed at thewall. This problemwill be solved using the tridiagonal
matrix algorithm also known as the Thomas algorithm:
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The first step, called the forward step, consists of modifying the
coefficient as follows for j varying from 2 to J:

�j �
	� c1

b1
for j� 1

� cj
bj�aj ��j�1

for j� 2; . . . ; J
(A7)

�j �
(
d1
b1

for j� 1
dj�aj ��j�1
bj�aj ��j�1 for j� 2; . . . ; J

(A8)

The solution is then obtained by backsubstitution from the outer edge
of the boundary layer j� J to the wall j� 1:

~U J �Ue; ~Uj � �j ~Uj�1 � �j (A9)

where �1 and �1 depend on the wall boundary conditions. Con-
cerning the longitudinal velocity, the no-slip condition ~U1 � 0
imposed �1 � �1 � 0. For the energy equation, the discretization
and the resolution are exactly the same. If the wall temperature
T � Tw is imposed, this will lead to �1 � 0 and �1 � Tw. If it is the
wall heat transfer that is known, �@T=@y�w, we will have �1 � 1 and
�1 ���y2 � y1� 	 �@T=@y�w.
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